Photogating of ionic currents across lipid bilayers. Electrostatics of ions and dipoles inside the membrane  by Mauzerall, D.C. & Drain, C.M.
Photogating of ionic currents across lipid bilayers
Electrostatics of ions and dipoles inside the membrane
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ABSTRACT The conductances of the lipophilic ions tetraphenylboride and tetraphenylphosphonium across a lipid bilayer can be in-
creased or decreased, i.e., gated, by the photoformation of closed-shell metalloporphyrin cations within the bilayer. The gating can be
effected by pulsed or continuous light or by chemical oxidants. At high concentrations of lipophilic anions where the dark conductance is
saturated due to space charge in the bilayer, the photogated conductance can increase 15-fold. The formation of porphyrin cations
allows the conductance to increase to its nonspace charge limited value. Conversely, the decrease of conductance in the light of
phosphonium cations diminishes toward zero as the dark conductance becomes space charge limited. We present electrostatic models
of the space charge limited conductance that accurately fit the data. One model includes an exponentially varying dielectric constant for
the polar regions of the bilayer that allows an analytical solution to the electrostatic problem. The exponential variation of the dielectric
constant effectively screens the potential and implies that the inside and outside of real dielectric interfaces can be electrically isolated
from one another. The charge density, the distance into the membrane of the ions, about one-quarter of its thickness, and the dielectric
constant at that position are determined by these models. These calculations indicate that there is insufficient porphyrin charge density
to cancel the boride ion space charge and the following article proposes a novel ion chain mechanism to explain these effects. These
models indicate that the positive potential arising from oriented carbonyl ester groups, previously used to explain the 103-fold larger
conductance of hydrophobic anions over cations, is smaller than previously estimated. However, the synergistic movement of the
positive choline group into the membrane can account for the large positive potential.
GLOSSARY
Am area of the membrane (8 x 101 nm2)
a distance of the hydrophobic ion from the center
of the membrane (nm)
b distance of the counterion from the center of the
membrane (nm)
hydrophobic ion partition coefficient (nm)
C concentration (mol/liter)
d inter-ion distance in the bilayer (nm), d =
(PJ-)-
dm membrane thickness (8 nm)
dc membrane hydrocarbon core thickness (nm)
DTPhB- diffusion constant for TPhB (5 X 108 nm2s- )
E electric field
CO vacuum permittivity (8.85 x 10-2J-'C2m-')
El dielectric constant for the membrane phase
E2 dielectric constant for the aqueous phase
fc dielectric constant ofthe hydrocarbon core region
of the membrane
F Faraday (9.65 x O4C mol)
Gdk conductance in the dark, (S)
Gph conductance in the light, (S)
AG photoconductance, Gph- Gd.
h space constant of variable dielectric
current in the dark, (A)
Iph current in the light, (A)
k Boltzmann constant ( 1.38 x 10-23 JK-)
M summation ofthe effect oflattice charges, geome-
try dependent
MTPhB/water aqueous mobility of TPhB- (2 x 1010 nm2 S-
V )
Address correspondence to Dr. David C. Mauzerall, The Rockefeller
University, 1230 York Avenue, New York, NY 10021.
yLTPhB-/BLM mobility ofTPhB- in the membrane ( 12 nm2 S-
V-1)
N
P+
q
P±
PTPhB-
PTPhP+
PP+
r
S
T
V
Avogadro's number (6.02 x 102 molecules
mol-')
porphyrin cation
electronic charge (-1.60 x 10-19 C)
charge density of either anion or cation (nm-2)
tetraphenylboride anion charge density (nm-2)
tetraphenylphosphonium cation charge density
(nm-2)
porphyrin cation charge density (nm2)
TPhB- radius, 0.42 nm
Siemens, ohm-' (Q-')
temperature (°K)
potential (volts)
INTRODUCTION
All metabolically active cells depend on the transport of
ions across the cell membrane for their survival, and cells
such as axons use ion currents for their function. Many
antibiotics function by relaxing ion gradients across the
cell wall via channel formation or by acting as iono-
phores, and some topical anesthetics are lipophilic ions
(Hille, 1984). There has been a paucity of experimental
or theoretical treatments of the electrostatics of mobile
charges inside the bilayer lipid membrane as compared
with the extensive work on the electrostatics from the
bilayer-water interface into the surrounding aqueous so-
lution. The latter subject has been well reviewed by
McLaughlin (1977, 1989), by Honig et al. (1986), and
by Cevc ( 1990). There have been earlier treatments of
space charge inside the membranes (LeBlanc, 1969;
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Neumcke and Lauger, 1970; Tsien and Hladky, 1982;
Braun, 1987; Bender, 1988) that do not quantitatively
explain data on the saturation of hydrophobic ion con-
ductance.
The currents of negative and positive lipophilic ions
such as tetraphenylboride (TPhB-) and tetraphenyl-
phosphonium (TPhP+) across a lipid bilayer membrane
can be gated by the photoformation of closed-shell me-
talloporphyrin cations within the bilayer (Drain et al.,
1989). We present electrostatic models that explain both
the photogating effect and the saturation ofconductance
with increasing lipophilic ion concentration. The models
are based on the method of images in the case of a con-
stant dielectric and on an analytical solution to the case
of an exponentially varying dielectric inside lipid mem-
branes. They allow the charge density, location, and the
dielectric constant at the position ofthe lipophilic ions in
the membrane to be quantified. These models also allow
a calculation ofthe potential in the membrane due to the
ordered dipoles of ester carbonyls or polar head groups.
In addition to probing the relatively unknown electro-
static potentials within the membrane, the photogating
technique affords a unique opportunity to examine the
kinetics and mechanism of ions crossing the membrane
that are discussed in the companion article (Drain and
Mauzerall, 1992).
METHODS
The electron donor in this system is the hydrophobic, closed-shell me-
talloporphyrin magnesium octaethylporphyrin (MgOEP), that is lo-
cated in the polar, ester region of the lipid bilayer (Woodle and Mau-
zerall, 1986). A schematic representation of the porphyrin-bilayer-ac-
ceptor system is presented in Fig. 1. The charged electron acceptor is
restricted to the aqueous phase or to the membrane-water interface and
is chosen to have the same sign of charge as the hydrophobic ion to
avoid ion pairing and charge transfer complex formation. In these
experiments, 15-20 mM methylviologen(+2) is the electron ac-
ceptor when TPhP+ is the lipophilic ion, and 0.1-0.5 mM anthraquin-
one-2-sulfonate(-1) is used with TPhB-. These concentrations are
above those needed to saturate the photovoltage (Ilani and Mauzerall,
1981). The membrane is formed in a 1-mm2 aperture in a 0.38-mm-
thick Teflon divider in a 4-ml polyethylene cell with glass windows,
from a solution composed of 3.2% (wt/vol) diphytanoylphosphatidyl-
choline and 3.6 mM MgOEP in decane across symmetrical 1 mM, 100
mM, or 1 M NaCl solutions containing 0.1 mM, 10 mM, or 10 mM
N-2-hydroxyethylpiperazine-N'-2-ethane sulfonic acid (Hepes) buffer
(pH 7.1), respectively. Fresh stock solutions of TPhP+ chloride or
sodium TPhB- in 1:1 ethanol/water (vol/vol) and the appropriate
electron accepter in water are added to each side ofthe membrane after
it has formed. The ethanol content in the bathing solutions never ex-
ceeded 1% by volume and typically is kept below 0.5% to minimize any
effect of this solvent on the membrane (Andersen et al., 1976). The
area of the membrane is - 8.0 x 10" nm2 when the annulus is - 10%
ofthe radius. The membrane thickness, as measured by its capacitance
(5 nF) before the addition of lipophilic ions or electron accepters, var-
ies by < ±10%. This yields a hydrocarbon core thickness of - 3 nm,
assuming the dielectric constant ofthe hydrocarbon core ofthe bilayer
is 2.5. Lipids are from Avanti Polar Lipids, Inc. (Pelham, AL) and the
porphyrins are from Aldrich Chemical Co. (Milwaukee, WI) or from
Porphyrin Products (Salt Lake City, UT). TPhB- from K & K Labs
(Plainview, NY) and TPhP+ from Fluka (Buchs, Switzerland) are re-
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FIGURE I Schematic of the interfacial charge transfer and structure
within the membrane. L, lipids; AQS, anthraquinone-2-sulfonate(-)
the electron acceptor and + = the aqueous counter ion; TPhB-, tetra-
phenyl boride anion; and P+, porphyrin cation. A voltage imposed
across the electrodes allows the current to be recorded at R. The rela-
tive molecular sizes are to scale, but the intermolecular distances (verti-
cal) are condensed -10-fold over the distances obtained at - 1 ,uM
TPhB-. The model used to estimate the electrostatic interactions in-
cludes the dielectric constants for the aqueous (E2) and membrane (e I)
phases, the depth of the two-dimensional lattice of TPhB- inside the
membrane (a), the distance to the lattice of counter ions in the
aqueous phase (b), and the distance between ions in the membrane d
p-l/2 (see Appendices 1 and 2).
crystallized from 95% ethanol before use. All otherchemicals are analyt-
ical grade and used without further purification. The experiments are
at room temperature that is maintained at 22 ± 2°C.
The light pulse is from a SLL-250 flash-lamp (Candela Laser Corp.,
Wayland, MA) pumped dye laser, 1 gs (FWHM) at 596 nm, and 1-2
mJ maximum energy after passing through a 1 OD neutral density
filter as measured by a Laser Precision Corp. Rj-7200 energy meter.
The current is measured by two calomel electrodes with saturated KCI
bridges immersed in the bathing solutions on each side of the mem-
brane and monitored by a homemade fast operational amplifier
(model 1021; Teledyne Philbrick, Dedham, MA) with a feedback loop
ofadjustable gain and time constant. The current in the dark (Idk) and
the current in the light (Iph) are divided by the applied voltage to obtain
the conductance in the dark (Gdk) and the conductance in the light
(Gph). To maintain the symmetry ofthe system and to avoid polarizing
the membrane, a ± square wave voltage (0-150 mV) is applied for
1-100 s across the membrane by a homemade voltage source. The data
are corrected for a 3-mV asymmetry in the electrodes and a 25-pS
leakage conductance. The laser pulse is set to trigger -1 s after the
membrane capacitative transient, which decays more slowly with in-
creasing hydrophobic ion concentration (Andersen and Fuchs, 1975).
At TPhB- concentrations < l0' M, the system is allowed to reach
equilibrium for --5 min between laser pulses with the continued appli-
cation of the square wave voltage. A large Faraday cage surrounds the
battery-powered amplifier and voltage source, and a smaller Faraday
cage contains the polyethylene cell and the electrodes. The entire assem-
bly rests on a vibration absorbing base. Typically, the operational am-
plifier is set at 107-101 V/A with a time constant of 0.1-1 Ims, and
unless otherwise noted a ±40-mV square wave is applied across the
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membrane and a saturating light pulse is used. The signal is digitized by
means of a high-speed voltmeter (model 194; Keithley Instruments,
Cleveland, OH) and stored in a computer (model 318; Hewlett-Pack-
ard Co., Palo Alto, CA). The current is continuously monitored by a
Biomation transient recorder (model 802; Gould Instruments, Inc.,
Valley View, OH). Both positive and negative applied voltages are
used, but for maximum figure clarity, the absolute value ofthe current
and voltages are plotted. The photovoltages are measured with a differ-
ential voltmeter, (model 560; Stanford Research Instruments, Sunny-
vale, CA), 108Q input impedance.
All the data shown are from an average of at least three different
membranes that each average 8-16 laser pulses for currents below 10
pA and 4-8 laser pulses for currents above 10 pA. Typically, one mem-
brane is used to investigate only three to four concentrations ofhydro-
phobic ion to minimize the amount of ethanol present in the bathing
solutions. The TPhB- data in 0.1 M NaCl is the average of measure-
ments on at least five membranes. Since the lipophilic ions can stick to
the cell, it is washed four to five times with water, four to five times with
95% ethanol, sonicated for - 15 min in -50% ethanol in chloroform
(vol/vol), rinsed with water, and soaked overnight in 95% ethanol.
RESULTS
At low lipophilic ion concentrations where Gdk increases
linearly with increasing concentration, the photoforma-
tion of MgOEP+ in the bilayer with a saturating light
pulse causes the conductance of TPhB - ions to tran-
siently increase 30-50% and the conductance ofTPhP+
to transiently decrease 20-30% (Drain et al., 1989). At
high concentrations ofTPhB - where Gdk saturates with
increasing concentration of this lipophilic ion, the con-
ductance increases up to 15-fold on photoformation of
MgOEP+. The maximum in the time course ofthe light-
initiated conductance minus the dark conductance is re-
ferred to as the photoconductance (AG). (Examples of
the current versus time traces at high concentrations of
TPhB - are to be found in Fig. 1 ofthe companion article
Drain and Mauzerall ( 1992)). The conductances versus
TPhB- concentration are illustrated in Fig. 2 A-C. The
Gdk (closed circles) shows a slow saturation with increas-
ing concentrations ofTPhB -, whereas the Gph (open cir-
cles) remains approximately linear. A similar saturation
of Gdk is observed for TPhP+, but Gph decreases to zero
as the concentration ofthis ion increases (Fig. 2 D). The
solid lines in these figures represent the best fit of the
electrostatic models to the Gdk data, whereas the dashed
line represents the nonspace charge limited conduc-
tance, vide infra, and the Gph data are close to these lines.
The ionic strength ofthe membrane bathing solutions
has a strong effect on 3, the distribution oflipophilic ions
into the membrane, but has little effect on the dark or
photo conductances. At 1 mM NaCl (Fig. 2 A), the lin-
ear conductance of 0.1 nS is observed at 4 nM TPhB -,
whereas at 100 mM (Fig. 2 B) and 1 M NaCl (Fig. 2 C),
this conductance occurs at 30 and 20 nM TPhB-, respec-
tively.
When the photogating system containing 2 ,uM
TPhB- is irradiated with nonsaturating, continuous,
white light, the photogating signal is 75% ofthe maximal
pulsed photosignal and decreases by only 10-15% over
the next 20 min ifthe solution is vigorously stirred (Fig.
1 B of Drain and Mauzerall, 1992). This process is re-
peatable for the lifetime of the membrane. If the solu-
tions are not stirred during this experiment, Gph de-
creases to -Gdk within 2 min. When the porphyrin is
oxidized with potassium hexachloroiridate (IV) in the
dark, the conductance increases to -90% of the maxi-
mal AG/Gdk value obtained on laser irradiation and lasts
30-50 s, depending on the concentration ofthe oxidant.
After the signal has decayed, the addition ofmore chemi-
cal oxidant results in a similar signal, and this can be
repeated five times without significant decay in the max-
imal chemically gated signal. Removing dioxygen with a
glucose/glucose oxidase/catalase system (Ilani et al.,
1985) has less than a 5% effect on the magnitude of the
photogating signal and no measurable effect on Gdk.
Results similar to the MgOEP data are obtained with
zinc tetraphenylporphyrin. However, when zinc proto-
porphyrin IX (2 carboxylate groups) is used as the elec-
tron donor, the photogating effect under the same condi-
tions (3.33 ,M TPhB- and 100 mM NaCl) is only 25%
of the MgOEP value. No photogating effect, AG/ Gdk <
3%, is observed when zinc coproporphyrin I (4 carboxyl-
ate groups) is used as the electron donor. The photovolt-
ages observed when using these porphyrins are also
smaller or not detectable (Ogawa and Mauzerall, 1988).
The following discussion focuses primarily on the
TPhB - system because ofthe amount ofpublished work
on this ion, but photogating is observed with other hy-
drophobic anions such as carbonylcyanide-3-chloro-
phenylhydrazone. The inverse system also applies since
the anaerobic generation of the porphyrin anion using
ascorbate as the reductant causes an increase in TPhP+
currents and a decrease in TPhB- currents (Drain,
C. M., and D. C. Mauzerall, unpublished experiments).
Electrostatic models
Electric charges on membrane surfaces are often dis-
cussed as distributed sheets of charge. In a constant die-
lectric, the space between the two sheets of opposite
charge will have a linearly varying potential (V) and a
constant electric field (E), whereas the potential outside
is constant and the field is zero (Jackson, 1975). How-
ever, for real lattices of ions with separation ofthe order
of the membrane thickness, such an assumption of con-
tinuous charge is misleading. The lattice inter-ion dis-
tance cannot be duplicated by a smeared surface charge
since now the potentials and the fields change both in-
side and outside the space enclosed by the charges and
depend on the inter-ion separation. For similar reasons,
calculations with finite dipoles are needed since the
point dipole model collapses the change of sign of the
potential to a point or a surface.
The question of single ion and dipole potentials inside
a lipid bilayer have been discussed (Neumcke and
Lauger, 1969; Flewelling and Hubbell, 1986b). How-
ever, the membrane potential in the presence of numer-
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FIGURE 2 Log-log plots of the experimental conductance and the calculated charge density as a function ofconcentration ofTPhB- and TPhP+.
The solid line is the fit of the implicit Eq. 1 to the experimental data for the dark conductance of the hydrophobic ions. The dashed line represents
the non-space-charge-limited conductance of the hydrophobic ion. The filled circles represent the dark conductance, whereas the open circles
represent the conductance maximum for TPhB- and minimum for TPhP+ on photocharging the membrane. Each TPhB- experiment is at ±40
mV, whereas the TPhP+ experiment is at ±50 mV and the light pulse is saturating in each. The filled triangles are a plot of AG/Gdk% versus the
hydrophobic ion concentration that uses the left, outside axis. Note the standard deviation of the G values increases slowly with decreasing
conductance and on this log-log scale is smaller than the symbol size, but these errors are amplified in the plot of AG/Gdk, where the root mean
square ofthe errors are plotted. The parameters used to fit the data are listed in Table 1. (A) TPhB-, 1 mM NaCl. (B) TPhB-, 100 mM NaCl. The
steady-state Gdk above - 10 gM varies by ±20% due to destabilization of the membrane by TPhB- (C) TPhB-, 1 M NaCl. (D) TPhP+, 100 mM
NaCl.
ous hydrophobic ions, or space charge effect, has been
treated only cursorily (LeBlanc, 1969; Parsegian, 1969;
Neumcke and Lauger, 1970; Tsien and Hladky, 1982;
Kleijn and Bruner, 1983). This is because of the inher-
ent complexity of this many-body problem. We have
chosen a simple rigid lattice approach to make the prob-
lem tractable. The balance of hydrophobic and electro-
static energies tends to restrict hydrophobic ions to a
two-dimensional layer inside the lipid membrane, and
inter-ion repulsion will favor a simple lattice, such that
the inter-ion distance becomes more defined as the den-
sity of ions increases.
Two calculations were developed for the potentials in-
side a bilayer caused by lattices of opposite charges. The
first models the membrane as a homogeneous dielectric
layer with a dielectric constant less than that ofwater but
greater than that of hydrocarbon. The second incorpo-
rates a more realistic variable dielectric constant in the
membrane that decreases exponentially from the bi-
layer-water interface to the center of the membrane and
Mauzerall and Drain Photogating Electrostatics
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then increases to the opposite interface symmetrically.
Both ofthese calculations are based on exact solutions to
the electrostatic problem.
In the first, two-dielectric model, a square lattice of
charges at a given distance inside the bilayer parallel to
the membrane-water interface is balanced by an in-regis-
ter lattice of counter charges at a second distance in the
higher dielectric medium (Fig. 1). A square lattice was
chosen for simplicity and because the energetics are simi-
lar to that ofthe hexagonal lattice (Topping, 1927). The
potential inside the membrane for a simple ion pair is
computed by the method of images (Harnwell, 1949).
The potential of a large number of. these ion pairs is
summed to obtain the potential of an infinite lattice. A
~-200 x 200 lattice is within % of the infinite value.
This summation produces a two-dimensional analogue
of the Madelung constant, -9 (Topping, 1927), which
can be much larger than that found in three-dimensional
lattices, '-2. The potential is calculated along an ion pair
axis perpendicular to the membrane surface. This axis is
chosen because it is the minimal energy axis along which
an ion (a lattice ion) can move across the plane of the
lattice. An ion moving through the center of the square
lattice ofions will see a potential that is greater than that
at a site. The exact factor depends on the charge density,
p+, and is model dependent. Thus, our calculation mini-
mizes the electrostatic potential in a bilayer. The (self)
potential from the ion pair on axis is omitted since the
resulting energy is already included in the dilute binding
constant, fd. Neumcke and Lauger ( 1969) accounted for
the finite thickness of the bilayer by using an infinite
series of reflected images. Since our system is symmetri-
cal in distribution ofions, and thus ionic potential across
the membrane, we can obtain the actual potential by
reflecting that calculated for the first half. In this two-die-
lectric model, this reflection doubles the calculated po-
tential. The applied voltage disturbs this symmetry but
the linearity of the current versus voltage indicates the
effect is small. The algorithm is given in Appendix 1. A
plot of the resulting potential from an array of negative
charges 1.6 nm inside the lower dielectric (2.4 nm from
the center) with the counter ions on the surface at a
charge density sufficient to cause a 50% saturation of
GTPhB- is shown in Fig. 3. The parameters are given in
Table 1. A crucial aspect of this calculation is that the
dielectric constant of the lower dielectric is decreased
with the depth of the lattice into the membrane follow-
ing an exponential relation (see below).
The most notable feature ofthe potential profile calcu-
lated by this two-dielectric model is the extended region
inside the membrane where the potential continues to
increase, well beyond the position of the ionic lattice.
The spatial constant of the increase is a function of the
charge density, becoming infinitely small only as the
charge density approaches infinity. Thus, unlike the
smeared charge models, the discrete charge model indi-
cates an extensive electric field (potential gradient) out-
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FIGURE 3 The membrane potential resulting from lattices ofTPhB-
and counter ions on both sides of the membrane using the two-dielec-
tric model. The total potential results from multiplying the potential of
a lattice on one side of the membrane by two and reflecting this profile
through the plane at the center of the membrane. This model assumes
the membrane is a homogeneous dielectric, (,, adjacent to an aqueous
phase, E2 = 80. The parameters used in the calculation are close to those
used to fit the 0.1 M NaCl TPhB- data at AG/Gdk = 1 (Table I). They
are PTPhB- = 0.05 nm 2, (Fig. 2 B), a = +2.4 nm, b = +4 nm, and the
value of E = 20 is taken from the dielectric profile for the exponential-
dielectric model (Fig. 4 A). The circled + and - denote the position of
the ion lattices.
side the sandwich of the charged lattices. This is a more
realistic potential profile because of the use of discrete
charged pairs rather than point dipoles or smeared
charges. The important variables are the depth of the
charge in the membrane from the surface, e = a - (dm/
2), where dm is the thickness of the membrane, a the
distance from the center, and I the membrane dielectric
constant. At a given charge density, the potential is
largely determined by the ratio e2/EI. Thus, to deter-
mine e in this model, it is assumed that the dielectric
constant is an exponential function ofdistance inside the
real membrane, and this value is used as e1. The exponen-
tially varying dielectric is justified below.
There is general agreement that in addition to the in-
terfacial head group region ofthe lipid bilayer-water sys-
tem, there exists a polar region in the lipid where the
fatty acids are esterified to the glycerol and that this polar
region is partially penetrated by water molecules (Simon
and McIntosh, 1986). Thus, a model membrane having
a variable dielectric "constant" progressing from 80 in
the water to 3 in the hydrocarbon core region of the
bilayer is more realistic and has been heuristically mod-
elled by Flewelling and Hubbell (1986b). In a calcula-
tion ofthe dielectric constant ofthe phosphatidylcholine
head group region ofthe bilayer, Raudino and Mauzerall
(1986) estimated cI 25 ande 11 varies from - 15 to 500
from the crystalline to the fluid case. It was also noted
that an analytical solution to the fundamental equations
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TABLE 1 Model parameters used to fit the data in Fig. 2
Exponentially
variable Exponential
Two dielectric dielectric core model
Experiment (Fig.) p a a a
nm 2 nm nm nm nm
MgOEP/TPhB-
1 mM NaCl (2 A) 0.04 9 x 105 23 2.6 1.8 1.7
0.1 M NaCl (2 B) 0.05 2 x i05 27 2.8 2.1 2.0
1 M NaCl (2 C) 0.08 3 x 105 30 2.9 2.4 2.6
MgOEP/TPhP+
0.1 MNaCl(2D) 0.06 85 21 2.5 1.8 1.7
The parameters used to fit the two-dielectric, exponentially variable dielectric, and exponential core models to the data. The value of E1 in the
two-dielectric model is assumed to be that calculated at the charge depth a by the exponential variation with distance ofthe exponential-dielectric
model. The value for a is from the center ofan 8-nm membrane (see Fig. 1). The core for the exponential-core model extended to 1.5 nm, i.e., total
core of3 nm. The charge densities are taken from Fig. 2 at the point where AG/Gdk = 1 and the potential calculated from Eq. 1 is - 17 mV. The error
in a is ± 10%. The value of# in 0.1 M NaCl is taken from Flewelling and Hubbell (1986a).
ofelectrostatics can be obtained for an exponential varia-
tion of e along a single axis in a planar or spherical sys-
tem. The calculation is given in Appendix 2. Note that
the result (Eq. A2-4) is a screened (by the variable di-
electric!) Coulomb potential, quite analogous to the
Debye-Huekel potential.
Again, an array of positive and negative charges in
aligned lattices are summed to obtain the potential at a
given point (Appendix 2). The simplest model for the
bilayer dielectric is an exponential, decreasing from e =
80 at the interface e 3 in the hydrocarbon core and a
symmetric rise to the other interface (Fig. 4 A). The
contribution from the bulk water is neglected because it
is small (Raudino and Mauzerall, 1986) but can be ap-
proximated as with the core (see below). The spatial
exponential dependence of the dielectric can be viewed
as a time and space average of the fluctuations of the
lipid molecules and ofpenetration by water. This model
now has only one parameter, the distance of the charge
from the center ofthe membrane, assuming the counter
ion is on the surface of the bilayer. The dielectric space
parameter (h, Eq. A2-2) is defined by the thickness of
the membrane and the dielectric constants of the water
(80) and the hydrocarbon core (3). The calculated po-
tential is not sensitive to small variations in these num-
bers. The dielectric profile is shown in Fig. 4 A, and the
resulting potential profile for AG/Gd = 1 is shown in
Fig. 4 B. Because the charges are more shielded, the hy-
drophobic ions must be placed deeper inside the mem-
brane than with the two-dielectric model to fit the satura-
tion of GTPhB- (Table 1 ).
This simple model minimizes (to zero) the core region
of the membrane. A constant dielectric core of ec can be
added at the center of the membrane, and the electro-
static problem solved approximately, as shown in Ap-
pendix 2. The result is a more customary dielectric pro-
file (Fig. 5 A) and is referred to as the exponential-core
model. The potential profile is shown in Fig. 5 B. The
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FIGURE 4 (A) The membrane dielectric constant profile for the expo-
nential-dielectric model that assumes the dielectric constant is exponen-
tially dependent on distance from the center (Eq. A2-2). (B) The
membrane potential profile resulting from lattices of TPhB- and
counter ions on both sides of the membrane using the exponential-di-
electric model (solid line). This is the summation of the contributions
from each lattice, one ofwhich is shown as the dashed line. The parame-
ters used in the exponential-dielectric calculation are those used to fit
the 0.1 M NaCl TPhB- data at AG/Gd, = 1 (Table 1). In this case,
PTPhB- = 0.05 nm-2 (Fig. 2 B), a = ±2.1 nm, b = ±4 nm.
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FIGURE 5 (A) The membrane dielectric constant profile for the expo-
nential-core model. A hydrocarbon core region is inserted between the
two regions of exponentially decreasing and increasing dielectric con-
stants. (B) The membrane potential profile resulting from lattices of
TPhB- on both sides of the membrane using the exponential-core
model (solid line). This is the summation of the contributions from
each lattice, one of which is shown as the dashed line. The parameters
used in this are PTPhB- = 0.05 nm-2 (Fig. 2 B), a = ± 1.9 nm, b = ±4 nm,
and the core region extends over ± 1.5 nm.
calculated potentials decrease as h increases, but the ion
positions are not much affected by a core size of 3 nm
(Table 1). This is a reflection of the screening of the
charge by the distance-varying dielectric.
DISCUSSION
Several important features ofthis molecular photogating
system include the following: (a) the self-organizing de-
sign of this interfacial system ensures separation of
charge on photoexcitation ofthe porphyrin; (b) the vec-
torial charge transfer has a quantum yield of -0.1
(Hong and Mauzerall, 1976) and can occur in <5 ns
(Woodle et al., 1987); (c) the porphyrin cation is rela-
tively immobile, requiring >0.1 s to cross the bilayer
(Woodle and Mauzerall, 1986); (d) the lifetime of the
porphyrin cation is several seconds but can be shortened
to ,s by the addition of aqueous electron donors (Hong
and Mauzerall, 1976); and (e) there are minimal capaci-
tative transients generated on photocharging the mem-
brane because of the symmetry of the system (Drain et
al., 1989). The applied voltage removes this symmetry
and allows small transients to be seen, particularly with
substituted aryl borides (Sun, K., and D. C. Mauzerall,
unpublished data). The half-wave oxidation potential of
TPhB- is 0.92 V in acetonitrile (Geske, 1959), and the
oxidizing potential of MgOEP+ is 0.77 V in the bilayer
(Ilani and Mauzerall, 1981), both versus the standard
hydrogen electrode. Thus, only minor redox chemistry
4 between these two species is expected. This may be ob-
served at very low TPhB- concentrations where readdi-
tion of this ion is required to observe the same magni-
tude of photogating after several light pulses. Likewise,
electron transfer between photoexcited magnesium por-
phyrin and TPhB- is negligible, since no change in pho-
tovoltage was observed in unsymmetrical acceptor ex-
periments in the presence of the hydrophobic anion.
Saturation of conductance
Space charge limited currents of TPhB- are observed
when the charge density ofthe hydrophobic ions inhibits
further negative ions from binding to the membrane.
(LeBlanc, 1969; Neumcke and Lauger 1970; McLaugh-
lin, 1977; Andersen et al., 1978). An implicit Eq. 1 de-
scribes the saturation of lipophilic ion charge density,
4 P= PTPhB- or PTPhP+, inside the membrane:
p = 0.602C(;exp(-qVp+), (1)
where C is the concentration of the lipophilic ion in the
aqueous phase, ,B is the partition coefficient, q is the
charge, and Vthe potential at the depth ofthe ion that is
calculated by one of the three electrostatic models. The
factor 0.602 converts units of concentration (mol
liter-1) to ions per nm3. For comparison with measure-
ment, one must relate the conductance of the lipophilic
ion-membrane system to p,. The simplest assumption is
a direct proportionality via a mobility, ,u:
G = qup,A/d 2, (2)
where Am is the area of the membrane and dm its thick-
ness. This implies that the mobility is independent ofp,.
Further discussion ofthis assumption will be given in the
companion article (Drain and Mauzerall, 1992). The
electrostatic calculation of V for Eq. 1 can be found in
the appendices. The value of was taken from Flewel-
ling and Hubbell (1986a). The solid lines in Fig. 2 are
fits ofEq. 1 (via Eq. 2) to the Gd data with either the two
dielectric or the exponential-dielectric models.
The parameters used for each model to fit the satura-
tion data are given in Table 1. Note that we use the po-
tential at the depth of the hydrophobic ion since this is
the potential relevant to the electrostatic energy term in
Eq. 1. This depth, -2 nm for an 8-nm bilayer, is in full
agreement with NMR measurements (Ellena et al.,
1987; Smith et al., 1992), which in turn disagree with the
essentially surface binding ofprevious electrostatic mod-
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els (Tsien and Hladky, 1982; Flewelling and Hubbell,
1986b). The charge density calculated with our models
in 100 mM NaCl, PTPhB- = 0.07 nm-2 at 1 uM TPhB-,
agrees remarkably well with the charge density obtained
from experiments examining the capacitative transient
after an applied voltage pulse, 0.06 nm-2 (Andersen et
al., 1978). Flewelling and Hubbell (1986b) report that
Gd begins to saturate when PTPhB- = 0.05 nm-2, and
in our system Gdk is at one-half its linearized value at
PTPhB- = 0.05 nm2.
The counter ions in the aqueous phase could be placed
at the Debye length from the bilayer-water interface, -1
nm in 0.1 M salt. Calculations using the exponential-die-
lectric model indicate the surface potential is ~-kkTwhen
p is -0.05 nm-2. These calculations also indicate that
the location of b between 0 and 2 nm from the mem-
brane surface in the aqueous solution has only a small
effect on the surface and membrane potentials when
p+ < 0.05 nm-2, but the value of b makes important
contributions to the inner membrane potential at p:
greater than this. Thus, to conservatively minimize the
potentials at high charge densities, we chose to place the
counter ions at the surface ofthe membrane (b = 4 nm).
The partition coefficient term has the unit of length
and is equal to the thickness of the aqueous solution
layer containing the same amount of hydrophobic ions
as that bound to the membrane. It depends both on the
type of lipid and on the ionic strength of the bathing
solution (Lauger et al., 1981; Flewelling and Hubbell,
1986a). TPhB- and TPhP+ ions have been shown to be
nonideal solutes, and the activity coefficients have been
estimated by solubility and spin probe effects (Flewelling
and Hubbell, 1986a, b). As the ionic strength increases
from 0.001 through 1, the value ofA decreases from 9 x
I0 5 nm to a minimum at 2 x 10 5 nm at an ionic strength
of 0.1 and then increases to 3 x I05 nm, whereas the
value of a, the hydrophobic ion binding position is rela-
tively unaffected (Table 1 ). Our estimates ofthe relative
activity coefficients from solubility data in 1 mM, 0.1 M,
and 1.0M NaCl are 3, 0.8, and 1.5, respectively, showing
that : is proportional to these activity coefficients.
Photogating
An estimate of the minimum charge density of the por-
phyrin cation in the membrane, pp+, can be made from
the observed photovoltage, 5 mV on 5 nF ofAm = 8 x
1011 nm2. It is 2 x 10-4 nm-2, in which case the photo-
gating electrostatic effects would be negligible. However,
the charge of the porphyrin cation acceptor anion pair is
across the polar region ofthe bilayer (Hong and Mauzer-
all, 1976), e = 25, thickness 1 1 nm, not the measured
charge across the hydrocarbon core, e = 2.5, 1 - 4 nm.
Thus, the photogenerated charge is some 40 times that
measured, pp+ - 8 x 10-3 nm-2 (Drain et al., 1989).1
'In this reference, the charge density had units of nm-3 and we had
assumed a 1-nm depth of the ions inside the membrane.
The maximum pp+ can be calculated from the ratio of
MgOEP to lipid in the membrane forming solution with
the unlikely assumptions that the same ratio remains in
the bilayer and that all the porphyrin is converted to the
cation by the saturating l-,us laser flash. This upper
bound for pp+ is 0.1 nm-2. It is known that in the case of
chlorophyll, - 10% ofthe original chlorophyll appears in
the bilayer (Cherry et al., 1972). Thus, these estimates
yield a pp+ of _ 10-2 nm-2.
Since Vdepends not only on PTPhB- but on the distance
into the membrane and the dielectric constant at this
position, one can gain some of the missing potential by
placing the MgOEP+ ions deeper into the membrane
than the TPhB- ions. However, to be consistent, the
amount of charge estimated by the capacitator model
should be decreased because of the decrease in the ratio
ofthe dielectric constant to the capacitator thickness e/1.
Ifthe maximum pp+ is taken to be 8 x I0 -3 nm-2 and the
porphyrin lattice is at the same location of the TPhB-
lattice, a = 2.4 nm from the center, then the potential
caused by the porphyrin lattice is - 2 mV using the two-
dielectric model. If the porphyrin lattice is moved 1-nm
deeper inside the membrane, the potential at the TPhB -
depth is 14 mV or somewhat less than that of the
TPhB - lattice when PTPhB- = 0.05 nm-2. Calculations
with the exponential-dielectric models also show that the
porphyrin cation lattice cannot cancel all of the lipophi-
lic ion space charge at realistic charge densities and loca-
tions in the lipid bilayer. The conduction mechanism
will be explored in detail in the companion article
(Drain and Mauzerall, 1992) where we will provide a
second estimation of pp+ with the same result.
The electrostatic models predict that the magnitude of
the photogating effect will be sensitive to the position of
the porphyrin cation within the bilayer. Polar porphyr-
ins partition into the membrane closer to the water inter-
face (Ricchelli et al., 1991 ) where distance a is increased
and I is increased. This will decrease the photogenerated
potential, resulting in a smaller photogating effect. The
observed fourfold smaller photogating with protopor-
phyrin IX (-2 charge) and the lack of effect with copro-
porphyrin I (-4 charge) results are consistent with these
expectations and are in agreement with the observation
of smaller photovoltages (Ogawa and Mauzerall, 1988)
with these porphyrins than with MgOEP. However, the
results are qualitative because the amounts ofporphyrin
cations formed may vary.
Mobility and barriers
The mobility ofTPhB- in the membrane (TPhB-/BLM) is
an important parameter when considering the Gd, and
Gph ofthe bilayer system. Given the Gdk of0.25 nS in the
low concentration regime (l0-7 M TPhB -, 0.1 M
NaCI), the charge density ofthe lipophilic ions (PTPhB- =
0.01 nm-2), estimates of the bilayer thickness (dm = 8
nm), and its areaAm = (8 x 10 11 nm2), one can estimate
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the bulk mobility, ATPhB-/BLM Gd /qp Am 12
nm2s'-V -l. The mobility ofTPhB- in water is 2 X 1010
nm2 s-'V'- (Skinner and Fuoss, 1964), which is the
same value as obtained from the diffusion constant of
5 x 108 nm2 s-' calculated by the Stokes-Einstein equa-
tion with a radius of0.42 nm for this anion. The viscosity
of the lipid, 1-10 poise, can only account for a 102_103
decrease in the mobility. Since this is 1071_06 less than
the observed decrease of - I09, diffusive mobility in the
membrane is not limiting, and there must be a large
barrier ( .-9 kcal mol-') to TPhB- crossing ofthe mem-
brane or of the membrane-water interface. The barrier
also explains why only a weak aqueous ion depletion
effect is observed in the steady state of Gdk. The effect of
stirring is small at times IO s but can become severe at
longer times. The diffusion limited current can be esti-
mated by the method ofLauger et al. (1981) to be - 20-
30 pA using the above values. The observed current at
l0-7 M TPhB- is - 10 pA at 40 mV. As saturation of
conductance sets in, the current can only become less
limited by diffusion.
The location of this barrier is of considerable interest.
The analysis of transient current responses to voltage
steps by Andersen and Fuchs (1975) and by Lauger et al.
(1981) places the barrier at the interface. Flewelling and
Hubbell ( 1986b) estimate the potential energy or barrier
at the center of the membrane due the favorable hydro-
phobic and electrostatic and unfavorable Born energies
to be - 10 kcal/mol (- 430 mV) for TPhB-, sufficient
to explain the lower mobility. Unless the potential for
TPhB- is about the same at the interface, this places the
barrier at the center of the membrane, contrary to the
conclusions of Andersen et al. (1975, 1978) and of
Lauger et al. (1981) . It is known that Born energies are
overestimated by the simple formula and are usually ad-
justed by arbitrary increases in the ionic radii. Our expo-
nentially varying dielectric produces a smaller Born en-
ergy (Raudino and Mauzerall, 1986). The energetics of
ions in membranes is not yet resolved.
Membrane potential
A positive inner membrane potential is usually assumed
to explain the 103-104 larger binding constant for nega-
tive lipophilic ions than that ofsimilar positively charged
ions (Flewelling and Hubbell, 1986b). This positive
membrane potential subtracts from the energy barrier
for TPhB - ions crossing the membrane and adds to the
energy for TPhP+. It has usually been assigned to ori-
ented ester carbonyl dipoles. In addition to calculating
the potential due to the lipophilic ion lattice, our models
allow a calculation of membrane potential due to the
oriented lattice ofester carbonyls, as well as the phospha-
tidycholine head groups of the membrane. Structural
studies of lipid bilayers indicate that one ofthe carbonyl
dipoles is oriented at -45° with the carbon directed to-
ward the inside of the bilayer, and the other carbonyl is
about parallel to the membrane-water interface (Zaccai
et al., 1979). Since the dipole moment of an ester car-
bonyl is 1.4 ± 0.4 Debye (1 Debye = 3.4 X 10 C nm),
the lipid surface density is 1.47 nm-2, and since the dis-
tance between the carbon and oxygen normal to the in-
terface is 0.087 nm, there is a positive dipole potential in
the hydrocarbon core of the membrane. Using the two-
dielectric model with e = 25, we calculate a carbonyl
dipole potential of - 110 mV in the center of the mem-
brane by summing the potential from each side. Using
the exponential-dielectric model and the same parame-
ters, the carbonyl dipole potential is '-50 mV and - 105
mV using the exponential-core model with a 4-nm core.
The smaller value calculated by the exponential-ielec-
tric model is due to the exponential dielectric extending
to the center ofthe membrane rather than spanning just
the ester head group region. These values are probably
more realistic than the 250 mV previously calculated by
Flewelling and Hubbell (1986b) using a dielectric con-
stant of 2. Our values for the dipole potential are less
than the 200 mV needed to explain the charge asym-
metry of hydrophobic ion binding. Moreover, these po-
tentials are calculated at the center of the membrane,
and they are >10-fold smaller at the hydrophobic ion
binding site.
It has been suggested (Bauerle and Seelig, 1991;
Scherer and Seelig, 1989) that small conformation
changes in the phosphatidylcholine head groups may ac-
count for the differences in the binding energies of posi-
tive and negative lipophilic ions. Our calculations show
that small movements of the charged moieties in the
phosphatidylcholine head groups can produce a signifi-
cant potential inside the membrane. The exponential
dielectric calculation indicates that the potential at the
lipophilic ion lattice depth is -20 mV ifthe perpendicu-
lar component of the positive, choline end ofthe dipole
(p = 1.5 nm-2) is only 0.05 nm, and -40 mV if it is 0.1
nm inside the membrane. The exponential-core model
shows that the potential at this site in the membrane is
- 90 and 180 mV, respectively, for the same distances.
The asymmetry in the conduction between positive and
negative lipophilic ions can be explained if the move-
ment of the positive choline charge toward the mem-
brane center is easier, for electrostatic and/or lipid con-
formational reasons, than is the movement of the nega-
tive phosphate charge. Although this movement is
electrostatically disfavored in a neutral membrane (Rau-
dino and Mauzerall, 1986), the presence of the TPhB-
ion lattice may make it more favorable, i.e., the lipid
orientates to accommodate the charged ion. If this hy-
pothesis is correct, then lipids with different polar head
groups should have differing partition coefficients for
anions and cations. In fact, the ratio of, (dipicryla-
mine-) to : (P-valinomycin K+) for oleyl phosphatidyl
ethanolamine is only one-tenth that for oleyl phosphati-
dyl choline and that of mono-olein is only a hundredth
that of the choline derivative (Benz and Gisin, 1978).
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Gawrisch et al. ( 1992) have shown that a carbonyl group
is unnecessary to form a positive potential in a lipid bi-
layer. They propose that oriented water molecules cause
this potential. However, both the ester and ether lipids
they used were phosphatidylcholines. Other factors also
have been considered, such as the difference in the free
energies oftransfer between these ions, which have been
estimated to be <1 kcal mol-' (Kim, 1978), and so do
not significantly contribute to the observed differences
in binding. We conclude that an intriguing cooperative
movement ofthe choline head group and the hydropho-
bic ions may explain the asymmetry in ion binding to the
zwitterionic membranes.
CONCLUSIONS
The saturation data of the dark conductance of TPhB-
and TPhP+ through a lipid bilayer is well fit by both a
two-dielectric and an exponential-dielectric model for
the electrostatic calculation of the space charge formed
in the bilayer by the hydrophobic ions. The potentials
calculated for the photoformed lattice ofMgOEP+ indi-
cate that it can only partially account for the photogating
of hydrophobic ion conductances across the membrane
by cancellation ofspace charge. These electrostatic mod-
els allow a determination of the distances inside the
membrane for a variety ofhydrophobic ions and explain
both the observations reported here and the conduc-
tance saturation reported previously (LeBlanc, 1969;
Andersen et al., 1978; Lauger et al., 198 1; Flewelling and
Hubbell, 1986a, b). The fluid nature of the membrane
makes this a dynamic system. Thus, values ofa, b, and e
used to fit the data should be considered mean values of
distributions. The calculations underscore the impor-
tance of discrete charges in determining the potentials
within membranes. They also bring out the importance
of electrostatic shielding by a variable dielectric region.
This effect is lost in the usual image calculation for two
dielectrics because the variable region is reduced to a
mathematical point or surface. The finite variable dielec-
tric region of real interfaces causes an electrostatic
shielding that may have important consequences in bio-
logical systems. This analytical solution to a spatially
variable dielectric is also an excellent model for dielectric
saturation close to ions with large electrostatic fields.
Since photocharging occurs inside the membrane on
the nanosecond time scale, the transients of ion trans-
port can be examined with minimal capacitative prob-
lems associated with the charge and voltage pulse tech-
niques. These fast transients are important because they
contain kinetic information from which the mechanism
of ion transport across membranes can be deduced. The
kinetics ofthese lipophilic ions and their implications on
the mechanism for ions crossing the membrane are dis-
cussed in the companion article (Drain and Mauzerall,
1992).
This photo and redox-gated system is a working exam-
ple ofa molecular ionic photo or redox transistor and is a
realistic nanoelectric device (Drain and Mauzerall,
1990).
APPENDIX I
Two-dielectric model
The method of images in electrostatics (Harnwell, 1949) is used to
calculate the potential inside the membrane by summing the contribu-
tions from each ion in square lattices of both the lipophilic ion in the
membrane and its counter ion in the aqueous solution. The potential,
V, for a single charge pair along z, perpendicular to the membrane-
water interface at the origin, Fig. 1, is:
V= (q/47r£E01){[(z + e)2 + r2]-1/2
+ (£1- E2)/(E1 + £2)[(Z- e)2 + r2]-1/2
- 2,l/(El + 2)[(Z-f)2 + r2J1/2}, (Al-l)
where E0 is the vacuum permittivity, q and £2 are the dielectric con-
stants in the membrane and aqueous phases, r2 = X2 + y2, e = a -
(dm/2) is the distance of the hydrophobic ion from the surface of the
membrane in this calculation (see Fig. 1), and f = b + (dm/2) is the
counter ion distance from the membrane surface in the aqueous phase.
The potential along an ion pair axis, z, ofthe two-dimensional square
lattice ofcharge is obtained by the following algorithm that sums (I, J)
over the 4N2 lattice points.
R=E2/El
Fl=(I-R)/(I+R)
F2=2/( 1+R)
F3= ((Z+E)*(Z+E))*P
F4= ((Z-E)*(Z-E))*P
F5= ((Z-F)*(Z-F))*P
FOR I= I TON
FOR J=0 TO N
Q=I*I+J*J
M=M+I/SQR(F3+Q) +
NEXT J
NEXT I
M=M*(4/El)
U=M*56*P1/2
V=M*1.44*P 1/2
!ratio of the dielectric constants £2/EI
!second dielectric weighting term
!third dielectric weighting term
!P is the charge density of hydrophobic
ions= p
!these terms are normalized to d=P-12
!scans through the lattice I,J
!omit the potential ofthe pair along the axis
ofthe calculated potential; it is contained in
the binding constant, (8 of Eq. 4.
Fl/SQR(F4+Q) + F2/SQR(F5+Q)
!completes the square lattice by symmetry
!energy normalized to kT for a negative test
charge
!Coulomb radius in vacuo: rc=q2/47rcokT=
56 nm
!P'12=p1/2=d-' from the normalization of
distances
!potential q/47re0 = 1.44 Vnm
Where Z is the position of the test charge along the perpendicular axis
at the chosen lattice point, P is the charge density (nm-2), 4N2 is the
total number of lattice points, E is the location from the surface ofthe
hydrophobic ion lattice in the bilayer, and F is the location of the
counter ion in the aqueous phase. The z axis is chosen along the charge
pair because it is the minimum in the potential for a negative ion
traversing the membrane. The partition coefficient, ,B, in the implicit
Eq. I includes the self energy of the "missing" dipole. A plot of IIM
versus I /N for several valuesofN yields a straight line allowing extrapo-
lation to the infinite lattice and indicates that N = 100 (a 200 x 200 =
4 x 104 site lattice) gives 98.9% ofthe value for the infinite lattice. The
"M" at a lattice site with £2 = £I agrees with that calculated for a square
lattice of dipoles, 9.1 (Topping, 1927), proving our summation algo-
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rithm is correct. The curves used to fit the data in Figs. 2 and 3 are
calculated by inverting the implicit Eq. 1, fixing PTmtB- and ,, and
calculating the bulk concentration. Note that in this calculation, the
physical size of the lattice varies as p-1/2. Thus, at large p one must
determine that N(p)-1/2 > dm to avoid lattice edge effects. TakingN as
100 satisfies this requirement. Using "HP-Basic" on an HP-340 com-
puter, this calculation of a 200 x 200 lattice takes -2 s for a given
charge density. The potential profile ofthis lattice across the membrane
is calculated by varying z from 0 to the center of the membrane and
adding the potential of the lattice at the other interface by reflection.
The contribution from the ester group carbonyls is calculated in the
same manner but using a real, not a point dipole, with charge = 0.203 C
(cos 450) to obtain the perpendicular component of the dipole. Eq.
Al-l must be modified since both charges are in e1:
V= (q/47re0E){ [(z + e)2 + r2] 1/2
+ (E1 - E2)/(E1 + E2)
X [((z - e)2 + r2)-'/2 - ((Z +f)2 + r2)-1/2]
- ( - E2)/(E1 + E2)[(Z-f)2 + r2] 1/2} (Al-2)
APPENDIX 2
Exponential-dielectric model
The following treatment of V considers a variable dielectric. From
Maxwell's equations for space outside the fixed charges,
div (E grad V) = . (A2-4)
For a constante this leads to Laplace's equation, V2V = 0. It has been
shown (Raudino and Mauzerall, 1986) that an exponential distribu-
tion of ealong one axis also allows analytical solutions of Eq. A2- 1.
Ez= C exp(hz). (A2-2)
This is an appropriate model for a lipid bilayer. The e increases from
the membrane interior to the interface along an axis (z) perpendicular
to the membrane and is constant along the x and y axis for a givene on
the z axis, i.e., ex = y = z, i.e., the dielectric is inhomogeneous but
isotropic. Substituting the variable S = E' /2 V, Eq. A2-1 reduces to the
Poisson equation (Raudino and Mauzerall, 1986).
V2S - (h12/4)S = 0. (A2-3)
The potential for a point charge q at a on the z axis is found to be:
V= (q/Eor) exp{-h[r + (z - c)]/2}, (A24)
where r = [X2 + y2 + (z - a)2] 1/2. This allows for a difference in origins
ofthe charge (z - a) term and the dielectric distribution (z - c) term.
Note that the result is a Coulomb potential screened by the variable
dielectric. We can now use this inhomogeneous potential in our sum-
mation program, Appendix 1, to calculate the potential from a square
lattice offinite dipoles in a material ofexponentially varying "dielectric
constant" (Fig. 4). This potential automatically accounts for variable
dielectric polarization. In the case ofdiscontinuous dielectrics, this po-
larization is usually estimated by the method of images, as we did
before (Appendix 1) (Drain et al., 1989). This model is still discon-
tinuous at the membrane-water interface, but there e is large, so we
ignore these small effects (Raudino and Mauzerall, 1986).
Exponential-core model
In this model, we have three regions: the polar region of exponentially
decreasing dielectric, a nonpolar core region of low dielectric, and the
opposite polar region of exponentially increasing dielectric (Fig. 5 A).
Because ofthe membrane and charge symmetry, we place the origin of
the z axis at the center of the membrane. The ion lattices are at a and
the counter ion lattices at b, and their locations are discussed in the
text. We estimate the potential in the core region by fitting at the bound-
ary, z = c. The potential in the constant, high dielectric water region
could also be calculated by a similar continuation. In this nomencla-
ture, c and -c are the boundaries ofthe low dielectric region, dm/2 the
half thicknesses of the membrane, and the ion lattices are at a and b.
The potentials must match at the boundaries c and - c. Using the same
definition for r:
c < z . dm12
V= q/47rE0Ecr[exp(-hr/2)/exp(h(z - c)/2)] (A2-5)
-c < z . c V = qs/47rE0Ecr (A2-6)
-dm/2 < z < -c
V = qt/47rE0ecr[exp(-hr/2)/exp(h(-z - c)/2)] (A2-7)
where
s = exp{(-h/2)[x2 + y2 + (c - a)2] 1/2
[X2 + y2 + (c - a)2]1/2
and
t = exp{h/2[X2 + y2 + (-c - a)2]1/2}
There are similar equations for the opposite charge at z = b. E, is the
dielectric constant in the core region of the membrane.
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Note added in proof: Zheng and Vanderkooi (Zheng, C., and G. Van-
derkooi. 1992. Biophys. J. 63, 935-941) claim that the dipole field
inside a lipid bilayer originates in ordered water molecules, since the
choline group contributes a negative internal potential. However, they
used a lipid crystal structure with the P-N dipole at a fixed 150 angle,
positive end outside. They solved a linearized Poisson-Boltzmann
equation with a finite difference algorithm on an 863 grid of0.8A cells.
Qualitatively, our calculations would agree for this orientation of the
choline group. However, they did not allow the P-N axis to move, and
thus their conclusion ofthe contribution from water may well be over-
stated.
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